Indicators of relative inequality of lifespans are important because they capture the dimensionless shape of aging. They are markers of inequality at the population level and express the uncertainty at the time of death at the individual level. In particular, Keyfitz' entropyH represents the elasticity of life expectancy to a change in mortality and it has been used as an indicator of lifespan variation. However, it is unknown how this measure changes over time and whether a threshold age exists, as it does for other lifespan variation indicators.
Relationship
Keyfitz' entropy is a dimensionless indicator of the relative variation in the length of life compared to life expectancy (Keyfitz 1977; Demetrius 1978) . It is usually defined as
(a, t) ln (a, t) da ∞ 0 (a, t) da = ∞ 0 c(a, t) H(a, t) da = e † (t) e o (t)
, where e † (t) = − ∞ 0 (a, t) ln (a, t) da is the life disparity or number of life-years lost as a result of death (Vaupel and Canudas-Romo 2003) , e o (t) = ∞ 0 (a, t) da is the life expectancy at birth at time t, (a, t) is the life table survival function, c(a, t) = (a) / ∞ 0 (x) dx is the population structure, and H(a, t) = a 0 µ(x, t) dx is the cumulative hazard to age a, where µ(x, t) is the force of mortality (hazard rate or risk of death)
at age x at time t. Note thatH(t) can be interpreted as an average value of H(a, t) in the population at time t. Goldman and Lord (1986) and Vaupel (1986) proved that e † (t) = ∞ 0 d(a, t) e(a, t) da , where d(a, t) represents the distribution of deaths and e(a, t) = ∞ a (x, t) dx / (a, t) the remaining life expectancy at age a. This provides an alternative expression for Keyfitz' entropy:
d(a, t) e(a, t) da
LetḢ denote the partial derivative of H with respect to time. 1 We define ρ(x) = −μ(x) / µ(x) as the age-specific rates of mortality improvements. Then, the relative derivative of H can be expressed as a weighted average of age-specific rates of mortality improvement,
with weights
FunctionH(x) is Keyfitz' entropy conditioned on surviving to age x, defined as
where Fernández and Beltrán-Sánchez (2015) showed that the relative derivative of H can be expressed as
Proof
This formula indicates that relative changes in H over time are given by the difference between relative changes in e † (dispersion component) and relative changes in e o (translation component). We will first provide expressions forė o andė † to prove that (1) and (3) are equivalent. Next, we will prove the existence of threshold age forH and its uniqueness. Vaupel and Canudas-Romo (2003) showed that changes over time in life expectancy at birth are a weighted average of the total rates of mortality improvements:
Relative changes over time inH
where ρ(x) = −μ(x) / µ(x) are the age-specific rates of mortality improvement, and
is a measure of the importance of death at age x.
(a) da, the partial derivative with respect to time of e † = ∞ 0 d(a) e(a) da can be expressed aṡ
where H(a) is the cumulative hazard to age a. By reversing the order of integration and doing some additional manipulations, we geṫ
In Proposition 1 in the Appendix, we prove that
Replacing (6) into (5) yieldṡ
Finally, replacing the expressions ofė o andė † from (4) and (7) into (3), we geṫ
which proves (1) and shows that relative changes over time in Keyfitz' entropy are the average of the rates of mortality improvement weighted by the product w(x) W (x).
The threshold age forH
Using (1), changes over time in Keyfitz' entropyH are given by the function
IfḢ > 0, lifespan inequality increases over time, whereasḢ < 0 implies that variation of lifespans decrease over time. Because (x) is a positive function bounded between 0 and 1, Keyfitz' entropyH > 0. Moreover, assuming age-specific death rates µ(x) improve over time for all ages, thenμ(x) < 0 and ρ(x) > 0 at any age x. Therefore, (8) implies that 1. Those ages x in which w(x) W (x) > 0 will contribute positively to Keyfitz' entropy H and increase lifespan variation;
2. Those ages x in which w(x) W (x) < 0 will contribute negatively to Keyfitz' entropy H and favor lifespan equality;
3. Those ages x in which w(x) W (x) = 0 will have no effect on the variation over time ofH.
Our goal is to prove that if mortality improvements occur for all ages and ρ(x) > 0, there exists a unique threshold age a H such that w a H W a H = 0. That threshold age will separate positive from negative contributions toH resulting from mortality improvements.
The product w(x) W (x) can be re-expressed as
Since µ(x), (x), e(x) and e † are all positive functions, the threshold age ofH occurs when
When x is close to 0, g(x) takes negative values since
Likewise, g(x) takes positive values when x becomes arbitrary large. Note that H does not depend on age, and therefore
because lim x→∞ H(x) = ∞. By definition,H(x) ≥ 0 for all x, so regardless of the behavior of H(x) when x is arbitrarily large, the limit of g(x) tends to infinity. Hence, given that g(0) = −1 and lim x→∞ g(x) = ∞, in a continuous framework the intermediate value theorem guarantees the existence of at least one age a H at which g(a H ) = 0.
Moreover, as shown in Propostion 2 in the Appendix, g(x) is an increasing function.
Therefore, there is a unique threshold age a H that separates positive from negative contributions to Keyfitz' entropyH, and that threshold age is reached when
which proves (2). analytically derived formulas for threshold age below and above which mortality improvements respectively decrease and increase lifespan variation. Zhang and Vaupel (2009) showed that the threshold age (a † ) for life disparity (e † ) occurs when H(x) +H(x) = 1.
Related results

Demographers
Similarly, Gillespie, Trotter, and Tuljapurkar (2014) determined a threshold age for the variance of the age at death distribution. Van Raalte and Caswell (2013) also showed that it is possible to determine the threshold age by performing an empirical sensitivity analysis of lifespan variation indicators.
In this article, we contribute to the lifespan variation literature by deriving the threshold age a H for Keyfitz' entropy. This age separates negative from positive contributions of age-specific mortality improvements. We analytically proved its existence and demonstrated in Section 4 that it differs from the threshold age of e † . The threshold age a H occurs when g(x) crosses zero. The red and grey line display the same functions that Zhang and Vaupel (2009) 
Applications
Numerical findings
e † (x) g(x)=H(x)+H + (x)-1-H e(x)(1-H(x)) e(x)(1-H(x)) e † (x) g(x)=H(x)+H + (x)-1-H
Decomposition of the relative derivative ofH
The relative derivative ofH defined in Equation (1) can be decomposed between components before and after the threshold age a H as follows: 
Conclusion
Several authors have been interested in decomposing changes over time in life expectancy (Arriaga 1984; Vaupel 1986; Pollard 1988; Vaupel and Canudas-Romo 2003; Beltrán-Sánchez, Preston, and Canudas-Romo 2008; Beltrán-Sánchez and Soneji 2011) . Recently, authors have also investigated how life disparity fluctuations over time can be decomposed (Wagner 2010; Zhang and Vaupel 2009; Shkolnikov et al. 2011; . In this paper, we bring both perspectives together and shed light on the dynamics behind changes in Keyfitz' entropy. Keyfitz (1977) first proposedH as a life table function that measures the change in life expectancy at birth consequent on a proportional change in age-specific rates. Since then, several authors have been interested in this measure and its use (Demetrius 1978 (Demetrius , 1979 Mitra 1978; Goldman and Lord 1986; Vaupel 1986; Hakkert 1987; Hill 1993; Fernández and Beltrán-Sánchez 2015) . Keyfitz' entropy has become an appropriate indicator of lifespan variation that permits comparison of the shape of ageing across different species and over time (Baudisch et al. 2013; Wrycza, Missov, and Baudisch 2015) . In this article, we uncover the mathematical regularities behind the changes over time in Keyfitz' entropy.
In particular, this study contributes to the existing literature by showing that (1) Keyfitz' entropy can be decomposed as a weighted average of rates of mortality improvements and (2) that there exists a threshold age that separates positive and negative contributions of reductions in mortality over time.
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